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Response of an Airplane to Non-Gaussian
Atmospheric Turbulence

F. Poirion*
Office National d’Etudes et de Recherches Aérospatiales, 92322 Chétillon Cedex, France

We study the influence of the atmospherical turbulence model on the response of a flexible airplane with
nonlinear control systems. Using a new method based on filtered Poisson fields in order to build numerical
simulations of non-Gaussian random fields, we show that the spectral density of the response, as well as other
statistics such as level crossings or probabilistic moments, may be very different from the ones obtained when
turbulence is modeled as a Gaussian process. The results presented in this work illustrate the effects of the

turbulence third- and fourth-order moments.

Introduction

N order to determine the response of an airplane to gust

encounter, the power spectral density (PSD) method is
often used. The spectral approach is indeed convenient to use
for a rigid linear airplane since linear filtering techniques
immediately give the PSD of the response and, hence, the
second-order moments.!-!! There exists also in the literature a
great number of experimental data that give suitable and
reliable models for the atmospheric turbulence PSD.!213 The
higher moments of the response are, however, not correct
except under the assumption that turbulence is Gaussian. For
a nonlinear elastic airplane, the PSD and, thus, all of the
statistics of the response cannot be obtained by this method.
One way to proceed is to build simulations of turbulence, to
integrate numerically the equations of the airplane motion,
and to construct estimates of statistics using independent tra-
jectories of the response. But that assumes that one is able to
simulate numerically a random excitation such as turbulence.
Several methods exist to generate digital simulations of Gaus-

sian fields, but among them, the most popular is the one based

on the spectral representation of Gaussian fields, which allows
one to simulate homogeneous and nonhomogeneous Gaussian
random fields, given their spectral measure or equivalently
their autocorrelation function.!*!'” Unfortunately, as many
authors have noted,!»'®2! turbulence cannot be modeled ex-
actly by a Gaussian random field since important characteris-
tics such as third- or fourth-order moments, crossing rates,
and extreme values are not those of a Gaussian field. Very few
methods based on PSD exist in order to simulate numerically
vector-valued non-Gaussian random fields, the difficulty be-
ing to restore at the same time the spectral measure and the
law of the random field. In Refs. 21 and 22, the authors give
a simulation method for one-dimensional non-Gaussian ran-
dom processes with rational PSD and a given fourth-order
moment (within some fixed bounds). In Refs. 22-25 methods
are given concerning processes with given crossing rates. More
recently, an iterative method was given in Ref, 26 to simulate
a vector-valued non-Gaussian field given its full probabilistic
law. The purpose of this article is to use a method that was
developed in Refs. 27 and 28 that allows one to fix any
moments of the excitation probabilistic law and, of course, the
spectral measure in order to study the effect of the turbulence
first moments on the response of a nonlinear flexible airplane
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with nonlinear gust alleviation devices. We shall see, in partic-
ular, that the control laws that were calculated assuming that
the airplane was rigid and linear and assuming that turbulence
was Gaussian are no longer effective when nonlinearities and
non-Gaussian features are introduced. A somewhat similar
study can be found in Ref. 4, where the authors looked at how
the limited method given in Ref. 22 compared with a Gaussian
model for a computer simulated landing aircraft. We shall
also study the threshold crossing rates of the response.

Equation of the Airplane Motion

The airplane that we are considering has a delta-canard
configuration with two systems of airfoils used for gust allevi-
ation. We shall denote 8(¢) and 6(¢) as the angle of rotation of
these airfoils. We shall take into account only the vertical
component W(m,t) = W(x,y,z,t) of the atmospheric turbu-
lence. In the modal basis and in the time domain, the equation
of motion is given by

MQO(t) + CO(t) + KQ(t) + (h% Q)(t) = (F*B)(t)

+ (F5*8)(2) + F (1) ¢))]
where Q(#)eR" represents the generalized coordinates corre-
sponding to the 7 first eigenmodes; M, C, K are, respectively,
the generalized mass, natural frequency, and structural damp-

ing matrices; H(t) = (h*Q)(t) are the generalized aerody-
namic forces; F(¢) is the generalized force due to atmospheric
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Fig. 1 Shape of a single gust (Fourier’s transform of the square root
of Karman’s spectrum).
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Fig.2 Gaussian model: effect of the control on the PSD of the
vertical acceleration in the cockpit.
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Fig.3 Gaussian model: effect of the nonlinearities on the PSD of the
vertical acceleration.

turbulence; and &5 = (Fz*B)(¢) and &, = (Fs*8)(¢) are the gen-

eralized forces due to the turning of the airfoils 8 and . The

Laplace transform of the functions h, Fg, and F; are
smoothed by rational functions, and thus, the functions H,
®;, and $; are solutions of linear differential equations. Since
in what follows we shall look solely at stationary responses,
the initial conditions of these equations are arbitrary.

Equation of Airfoils Motion

The open-loop control laws for the two systems of airfoils
are chosen in order to alleviate loads and motion as though the
airplane behaved as a rigid linear body. Those laws are deter-
mined by using linear filtering techniques, and, thus, 8(¢) and
6(t) can be seen as stationary solutions of some differential
equations where the excitation or input is the turbulence.
However, because of technological constraints, the motion of
airfoils cannot be linear since, for instance, the angle of rota-
tion is limited, as well as the speed of rotation itself. We
consider only the last constraint on the speed:

1B(t)] < B 15(2) < &, ?2)
Then the differential equations describing the motion of B(¢)
and 6(¢) are valid only in the open domain where the speeds
are strictly less than their prescribed bounds. Therefore, one
must describe what happens mechanically and then mathemat-
ically when SB(¢) or o(¢) reach their limits. Results that are
based on sophisticated mathematical notions such as multival-
ued stochastic differential equations are given in Ref. 29 in
order to model such problems of bounded random oscillations
and to validate simulation techniques used to solve them nu-
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merically. Details, theoretical support, and applications can
be found in Ref. 30. The constraints given by Eq. (2) will be
the unique source of nonlinearities in our problem.

Generalized Force Due to Turbulence

Let V be the airplane speed. The unsteady generalized
pressure field acting on the plane (S) is given by

P(m,t) = 1/Vj G(mm ' 1) * W(m',t) dm’ 3)
&)

where G(m,m ' ,t) is the Green’s function of the problem, and
where the product of convolution involves the variable 7.
Thus, the generalized force due to turbulence and related to
the displacement field D, (m) of the pth eigenmode is given by

P(m,t) D,(m) dm,
)

Fp(t)=S p=1....n @)

Actually, Egs. (3) and (4) are computed numerically using a
doublet lattice method on the whole plane in the frequency
domain and for the nodes of a mesh (m;);—,, .~ of the
airplane (S). Therefore, denoting w— W(m ) and w—F,(w),
the Fourier’s transform- of the functions ¢ — W(m,¢) and ¢ —
Fy(0),

-~

. NN w
Fp(w) = E E Dpj ij(w) 7 (mkx w)s b= 19 Y (5)
Jj=1k=1

where D,; is the displacement of the mode p at the node m; of
the mesh, and Gj, is deduced from the Green’s function.
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Fig. 4 Effect of the fourth-order moment of turbulence on the PSD
of the vertical acceleration.
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Fig. 5 Effect of the third-order moment of turbulence on the PSD of
the vertical acceleration.
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Use of Taylor’s Hypothesis

Assuming the turbulent field is homogeneous and frozen,
we can transform the expression of the Fourier’s transform
W(m,») = W(x,y,2,0). As a matter of fact, we have
W(x,y,z,t) = W(x — Vt,y,2,0). Dropping the time entry, this
last quantity will be written in the following W(x — Vt,y,2).
Therefore, taking the Fourier’s transform for the variable ¢
gives

+ o te
j e W(x—Vt,yz) dt = 1/Ve'V™ S el/vx’
X W(x',y,z) dx’
= 1/Ve’'V*"W(w/V,y,2)
= 1/Ve ™" W(k,,y,2) ()

where k; = w/V is the first component of the wave vector
k = (ki,k2,k3).

Non-Gaussian Model for Turbulence

The model that we use in order to generate digital simula-
tions of non-Gaussian fields is based on the notion of filtered
Poisson processes. One-dimensional filtered Poisson processes
have been studied in engineering problems, such as vehicle
loads on bridges, by several authors.3'>* In Ref. 28, we
generalize one-dimensional process results to vector-valued
random fields. We show also that it is possible to fix the first
moments of the law. In what follows, we recall the definition
and the main results.

Let (75,);-1,2,3 be three independent sequences of real val-
ued random variables modeling the occurrence times of three
independent Poisson processes with parameters v;, j = 1,2,3;
let (Y},).n be a sequence of independent random variables that
have the same law as a given random variable Y; and let
S:(x,3,2)— f(x,5,2) be a real valued function that checks some
properties. Let w(x,y,z) be the random field defined by

W(X,,V,Z)=I EN Y1 (=710, Y= Tams 2— T3) @)

,m, ne

then w(x,y,z) converges in law toward a homogeneous ran-
dom field W (x,y,z) when x, y, and z converge toward infinity.
The spectral measure density of W is then given by

Swiki,kaz:k3) = 71‘72’)’3/(271')3E(Y2)|(§f)(khk2,k3)|2 (8)

where

+ o (" +o0 "+ o0
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Fig. 6 Mean number of level crossings: effect of the fourth-order
moment of turbulence.

ATMOSPHERIC TURBULENCE 581

4th order moment
a 40
e 30
0.10E+03 |
v 20
s 10
a 32

0.50E+02 |
o 3 (gaussian)

level of crossings m/s/s

Fig. 7 Mean number of level crossings: effect of the third-order
moment of turbulence.

Reciprocally, if the spectral density S, (k,k3,k3) is given and if
we consider the function f g_iven by

2 1/1 + oo + oo + oo
f(xxy’z>=[“”néi)(3y ) j E S it + ko + ks

—00y —0J —®

X [Sw(k,ka.k)]” dky dk; dk; (10)

then the random field w defined by Eq. (7) will converge
toward a homogeneous field with the same spectral density
Sw. Since we know how to fix the spectral density, let us look
now at the law of the field. Between the cumulants of the law
of W(x,y,z) and the moments of the law of the random
variable Y exist some simple relations. For instance, the sec-
ond- and fourth-order cumulants «, and x4 of W are given by

Kz=717mE(Y2)S j j fiyz)dxdydz  (11a)

—®@J —

+ oo " +00 {400
kg = ’Y}’Yz'YsE(Y“)g S § feyz)dedydz  (11b)

Therefore, knowing the first L cumulants of the law of W we
can deduce L real numbers, which, if they satisfy the moments
condition,3¢ are effectively the first L moments of a random
variable Y, which, once replaced in Eqgs. (11), will give back
the wanted cumulants for W. If, for instance, W is Gaussian,
the L numbers obtained earlier do not check the moment
condition and, therefore, this method cannot be used to simu-
late Gaussian fields. Numerical methods are given in Ref. 36
to simulate random variables with given moments. The arrival
times 7;, are also easy to simulate. The parameters vy, are
related to the sampling steps Ax, Ay, Az of the random field:
71 = 1/Ax, 72 = 1/4y, v3=1/A2
We can now give the expression used in order to construct
a simulated trajectory of the generalized force F(¢)=

(Fi(6), . . . ,Fo(D)):

A N N Y ‘

Fyw)= X X DyGu(w) ¥ ~—; e/ Preiv/Vn

J=1k=1 {,mn V
X f(@/ V. Yk~ TomZk~ T3n) (12)
where
' 4+ ®
fkiyz) = e~ *f(x,y,z) dx

o -0
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Taking the inverse Fourier’s transform of F,(w) gives the
simulated trajectory ¢ —F,(t) of the pth component of F(z).
Having a trajectory of the excitation, we can then solve the
differential Eq. (1) using a step-by-step integration method in
order to get the response of the airplane.

Application
We consider in this section the vertical turbulence modeled
by a one-dimensional stationary process whose spectral den-
sity is given by Karman’s spectrum:

Sty = ZL L+8/3 (1339 Lo/
= 2aV 1 + (1.339 Lo/ VY16

(13)

where o is the turbulence standard deviation, L the turbulence
length scale, and V the aircraft speed. We construct the fol-
lowing filtered Poisson process:

w(t) = gOYnf(t— Tn) (14

where f is given by

f@=~NvrlyE(Y)] "’ S

+ o

e /S (w) dw 15

Figure 1 shows the graph of the function f which can be
interpreted as giving the shape of a single gust. The random
variables (7, — 7, _ 1) are independent and have an exponential
law with parameter vy. Thus, the occurrence times (7,) can be
simulated using the following relation:

n
Ty = — 1/')’.21108(1 -U;) (16)
j=

where U; are independent random variables with a uniform
law over [0,1] and v = 1/At, At being the time step used both
to sample the random process and to discretize the various
differential equations.

For this particular application, we study the effect of the
third- and fourth-order moments of the turbulence on the
vertical acceleration Z(¢) in the cockpit, and we compare it
with the result obtained when the turbulence is assumed to be
Gaussian. Using the different tools described earlier, we get as
a result a discretized trajectory of the vertical acceleration:
ZAn), ZQAb), . . . ,Z,(NAt). We construct a high number 9T
of such (mdependent) trajectories, and we build the estimate
of the spectral density Si(w) of the process Z(¢). Then we
perform a parametric study, changing the values of the third-
and fourth-order moments of turbulence. Figure 2 represents
the comparison of the spectral density obtained when the
plane is controlled and not controlled, assuming that the tur-
bulence is Gaussian and the dynamical structure is linear. We
see that the effect of the gust alleviation system suppresses the
response of the plane in the low frequencies (rigid body)
domain but increases the response in the flexible modes do-
main. That is due to the specific control laws chosen; they may
not be the most adequate. The purpose of this work is not to
find the optimal control laws but to show, for given laws, the
effect of the excitation probabilistic model on the response.
Figure 3 represents the comparison between the acceleration
PSD for a linear and nonlinear model of the airplane, turbu-
lence being always Gaussian. We see now, that in the case
where nonlinearities are introduced, the control laws that were
determined assuming that the plane is linear are less efficient
in the nonlinear case since the response has some energy in the
low frequencies range.

Now, changing the values of the third- and fourth-order
moments of turbulence always with the given spectral density
[Eq. (13)], we can estimate the various response PSD ob-
tained. Figure 4 shows the comparison between the results
when the fourth-order moment value is increased; Fig. 5
shows the same results when only the third-order moment is
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modified. We see in both cases that the spectral density of the
response is modified, which means that second-order tech-
niques cannot be used in nonlinear stochastic systems, and we
see also that the control laws become less and less efficient as
the excitation gets further from a Gaussian process. This last
fact means that, in order to determine good control laws, one
has to take into account, for nonlinear systems, the non-Gaus-
sian characteristics of turbulence. Besides second-order re-
sults, we have also looked at statistical results on the response
trajectories; we estimate the crossing rates of the vertical accel-
eration for given thresholds, since those results are important
for failure or reliability problems. Figures 6 and 7 show,
respectively, the influence of the fourth- and third-order mo-
ments of turbulence on those crossing rates for different
values of thresholds. We see, in particular, that the mean

number of crossings are more important in the non-Gaussian

cases for the high values of thresholds. The curve obtained
when the excitation is Gaussian, which is given by a classic
formula, is very often used by engineers even when the excita-
tion is not Gaussian and the dynamical system nonlinear,
which may lead to important errors.

Conclusions

In order to study the response of a nonlinear dynamical
system to a stationary random excitation with a given PSD as,
for instance, the response of a nonlinear flexible aircraft to
atmospherical turbulence, we have shown that it is necessary
to take into account the probabilistic distribution of the exci-
tation. Making a Gaussian assumption can lead to important
errors not only in the probabilistic distribution of the response
itself but also in its PSD. However, the complete law is usually
unknown; one has access only to some partial information,
for instance, the values of the first moments of the excitation
law. When this is the case, a method of simulation exists that
fulfills the following requirements: to give back both the given
PSD and those first moments. We have applied this method to
study the problem of a controlled airplane flying in turbu-
lence. The results obtained highlight the necessity of using
realistic models for excitation and lead to the identification
problem of probabilistic characteristics of random phenom-
ena. As far as atmospherical turbulence is concerned, not
much attention has been given in the past to the determination
of its probabilistic moments, although such quantities are easy
to estimate on experimental measures. In this paper we limited
the study to the effect of the third- and fourth-order moments.
Higher-order moments could have been introduced, as well,
without increasing the total CPU time of the numerical calcu-
lations.
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